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Many events and policies (treatments) occur at specific spatial locations, with re-
searchers interested in their effects on nearby units. I approach the spatial treatment
setting from an experimental perspective: What ideal experiment would we design to
estimate the causal effects of spatial treatments? This perspective motivates a compari-
son between units near realized treatment locations and units near counterfactual (un-
realized) candidate locations, which differs from current empirical practice. I derive
design-based standard errors that are straightforward to compute. For observational
data, I propose machine learning methods to find counterfactual candidate locations
when observable characteristics, rather than potential outcomes, determine treatment
probabilities. To accommodate methods for high-dimensional data in the theory, I ex-
tend a double machine learning result to the design-based framework with spatial cor-
relations. I apply the proposed methods to study the causal effects of grocery stores on
foot traffic to nearby businesses during COVID-19 shelter-in-place policies, finding a
large positive effect at very short distances, with no effect at larger distances.

KEYWORDS: Causal inference, spatial treatments, design-based, ideal experiment,
machine learning, convolutional neural networks.

1. INTRODUCTION

MANY ACTIONS, EVENTS, AND POLICIES STUDIED by economists occur at locations in
space and affect (geographically) nearby units or individuals.! I refer to the setting of
such studies as the “spatial treatment” setting because these “treatments” vary at the
level of locations in space. The researcher studies the effects of such treatments on in-
dividuals who are located in the vicinity of these treatments but who are conceptually
distinct units. In contrast, in most of the theoretical literature on causal inference, each
individual is thought to, in principle, be associated with a distinct treatment that generates
potential outcomes, and some work considers “spillovers” and “clustered assignment” of
individual-level treatments. Such a framework sufficed when treatment and outcome in-
formation was only available at aggregated levels, such as the county level. However, more
recently, precise (geocoded) location data for treatments and individuals have become
more readily available, allowing more informative analyses of the disaggregated effects of
spatial treatments by distance from treatment.
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This paper makes three contributions. First, I develop a framework that allows me
to formalize ideal experiments and analyze questions of causal inference in spatial set-
tings from a design-based perspective. Second, I show that this design-based perspective
is tractable and useful by deriving (approximately) unbiased inverse probability weighting
(IPW) estimators and new expressions for their variances, which differ from commonly
used existing estimators and sampling-based variances. Third, I provide theoretical results
for observational data and propose using convolutional neural networks, previously used
for image and satellite data, to parsimoniously yet flexibly condition on the distribution
of covariates across space.

The ideal experiment for studying spatial treatments randomizes the location of the
treatment among a set of plausible candidate locations. Such an ideal experiment is a for-
malization of settings where the location of the treatment is quasi-random, for instance,
due to the exogenous (un-) availability of candidate locations at the time the treatment is
implemented.? In the ideal experiment, individuals who are located near candidate treat-
ment locations that—by random chance alone—did not receive treatment constitute a
valid control group. The ideal experiment does not generally justify comparisons of in-
dividuals near realized treatment (on an “inner ring”) to individuals farther away but
centered around the same treatment locations (on an “outer ring”) even when embed-
ded in a difference-in-differences analysis as is common in the empirical literature. The
approach developed in this paper therefore presents an alternative identification strategy
for spatial treatment settings, leveraging design-based assumptions.

I propose IPW estimators, derive their (approximate) finite population design-based
unbiasedness and variance under the ideal experiment, and show asymptotic normal-
ity in a sequence of finite but growing populations. In the thought experiment underly-
ing inference, only the realized locations of the treatment vary among a pre-defined set
of plausible candidate locations. Other locations and potential outcomes are fixed. The
design-based analysis of the variance, following Neyman (1923), has both conceptual and
practical advantages over sampling-based alternatives (for instance, Conley (1999)): The
design-based variance reflects the variation that the researcher exploits when claiming
causality of estimated effects by appealing to “quasi-random” variation. In the design-
based analysis, researchers do not need to distinguish between sample and population,
which may be a difficult distinction to justify in spatial settings (Pinkse, Shen, and Slade,
2007). Estimating the design-based standard error is straightforward and does not require
the correct modeling of the correlation of potential outcomes across space. Importantly,
my approach and formulas generalize to settings where individuals are exposed to mul-
tiple treatments. In these settings, off-the-shelf alternatives for design-based inference,
such as clustering at the level of the assignment (Abadie, Athey, Imbens, and Wooldridge,
2023), are not applicable. In SA 2, I show that different implementations of the variance
estimator of Conley (1999) can have undesirable properties in a design-based framework.

I then study an observational data setting where, possibly unknown, treatment proba-
bilities are determined by observable characteristics. Suppose locations in two neighbor-
hoods look identical in terms of their observable pre-treatment characteristics. Then the
assumption requires that the treatment is equally likely to be realized in the two loca-
tions, irrespective of potential outcomes, similar to an unconfoundedness assumption in

2For instance, Linden and Rockoff (2008, p. 1110) state that “the nature of the search for housing is also a
largely random process at the local level. Individuals may choose neighborhoods with specific characteristics,
but, within a fraction of a mile, the exact locations available at the time individuals seek to move into a neigh-
borhood are arguably exogenous.” In their empirical analyses, they estimate causal effects based on a parallel
trends assumption.
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sampling-based analyses. I derive a novel design-based “double machine learning”-type
result for spatial treatments that allows estimation of nuisance parameters using arbitrary
(for instance, machine learning) methods as long as (weak) rate conditions are satisfied.

To implement flexible estimation based on this assumption on assignment, I propose us-
ing convolutional neural networks (CNNs) in a way that may be of independent interest
for settings with spatial data. Researchers can plot many economic data, such as locations
of businesses, property prices, school district quality, and the average income by census
tract, on maps. The distribution of spatial covariates across space often encodes otherwise
latent information that is lost in coarse summary statistics. However, controlling for the
distribution of units or covariates across space relative to the location of estimation intrin-
sically is an extremely high-dimensional problem. I propose CNNs that parsimoniously
condition on the distribution of covariates across space, incorporating the economic logic
that typically only relative, not absolute, locations matter. I use such networks to find plau-
sible counterfactual locations of the treatment that are observationally similar to realized
treatment locations.

I apply the proposed methods to study whether grocery stores caused an increase in
the number of visitors to nearby restaurants during COVID-19 shelter-in-place policies.
Consumers may find it convenient to grab a coffee or meal while waiting to enter the store
or before returning home. Using CNNs, I identify counterfactual grocery store locations
that are in neighborhoods with business compositions and relative locations similar to the
neighborhoods of real grocery stores. I find that restaurants within a couple of minutes
walking from real grocery stores had about twice as many visitors as restaurants at the
same distance from counterfactual locations. There is no such difference in visitors at
longer distances.

A nascent methodological literature studies causal inference in spatial treatment and
related settings. Zigler and Papadogeorgou (2021) define potential outcomes and esti-
mands. Most closely related, Wang, Samii, Chang, and Aronow (2025) in contempora-
neous work explore a similar experimental setting and show design-based unbiasedness,
variance, and asymptotic normality for a special case of the experimental design (constant
treatment probabilities) and class of estimators (simplifying weights) described in this pa-
per under distinct structural assumptions (restricting treatment effect heterogeneity and
ruling out any effect of the treatment at longer distances). In addition to arguably weaker
assumptions and more general estimators and designs, I address challenges arising in ob-
servational settings. Borusyak and Hull (2023) take a design-based perspective similar to
this paper but focus on regression estimators, accommodating multivalued treatments.
However, the estimands of their unweighted regressions differ under treatment effect
heterogeneity. These papers do not explicitly estimate design-based standard errors in
their applications; instead, they report Conley (1999) standard errors. Borusyak and Hull
(2023) additionally propose randomization inference with confidence intervals based on
the sharp null hypothesis of constant treatment effects.

The present paper contributes to the literature by showing that design-based infer-
ence, beyond identification, is conceptually attractive, analytically tractable, and compu-
tationally straightforward. Furthermore, I propose a data-driven method for inferring a
plausible counterfactual distribution of the treatment under characteristics-determined
treatment probabilities using CNNs, while prior work requires the researcher to specify
it based on institutional knowledge. Similarly to Borusyak and Hull (2023), the method-
ological contributions of the present paper are not restricted to spatial settings. The the-
oretical results for observational data extend existing results on double machine learning
(CCDD+, 2018) from the sampling-based framework to the design-based framework, re-
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solving challenges that arise when observations are neither independent nor identically
distributed in finite populations.

The remainder of this paper proceeds as follows. Section 2 describes the framework
and notation of this paper. Section 3 contains estimation and inference results under the
ideal experiment. Section 4 discusses observational data and describes the use of CNNs
for finding counterfactual locations.’ Section 5 applies the methods of this paper to study
the effects of grocery stores on foot traffic to nearby restaurants. Section 6 concludes.

The Supplemental Appendix (Pollmann, 2026) contains additional simulations, theo-
retical derivations, and empirical analyses.

2. SETUP AND NOTATION

Both individuals (outcome units) and treatments are located in a shared (geographic)
space. Individuals, indexed by i € I, have fixed location, or residence, r; € R? such as lat-
itude and longitude.* In contrast to the standard setting of causal inference, treatments
do not share the same index i with individuals. Instead, the treatment takes values S C R?
corresponding to locations in the same space as the individuals.

Each individual has a potential outcome Y;(S) for each S, and treatment effects are
contrasts between different potential outcomes. The individual-level treatment effect
compares the outcome of i when there is treatment at location s versus no treatment at s,
holding fixed treatments at other locations: 7;(s|S) = Y:(SU{s}) — Y:(S \ {s}). 7:(s|S) is a
marginal effect with background exposure S \ {s}. Of particular interest is the treatment
effect of s when there is no other (relevant) treatment: 7;(s) = 7;(s|{s}) = Y:({s}) — Y:(9).
For ease of notation, define Y;(s) = Y;({s}) and Y;(0) = Y;(?). I state the notation and
results in this paper in terms of cross-sectional data only. With panel data and staggered
treatment adoption, all results remain unchanged under the same ideal experiment after
subtracting the corresponding pre-treatment outcome from each (potential) outcome.

The experimental design generates randomness in where the treatment is realized. I use
calligraphic letters or hats to denote random variables in contrast to regular and Greek
letters used for fixed values. The realized treatment locations are S C R?, such that the
observed outcome for individual i is ); = Y;(S). Let 7, = Pr(S 3 s) be the experimental
probability of treatment at location s. The term candidate treatment locations (S) refers to
locations s € S = {s € R? : 77, > 0}, such that S C S with probability 1.

The researcher is interested in the average effects of treatments on individuals who are
a specific distance away. I denote the distance between s and r; by d(s, r;). The researcher
chooses the distance function which is meaningful in their application, such as “straight
line distance” or driving time during rush hour (which may be asymmetric). Importantly,
like “pre-treatment characteristic,” the distance used must not depend on treatment as-
signment.

The estimand of interest is the expected (over the design distribution) average effect of
the treatment on the treated (ATT) at a distance of approximately d,

D Pr(S35) Y wils, d)ri(s)

Td)= S PS8 wis,d) M

seS iel

3A documented code tutorial implementing the approach using CNNs is available at https://github.com/
michaelpollmann/spatialTreat-example, in addition to the replication code accompanying this paper.
“It is not essential that locations are in two-dimensional space.
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where the weights w;(s, d) collect individuals at distance approximately d.° In practice,
researchers often bin individuals within a bandwidth /# around d together when distance
is a continuous variable using weights w;(s, d) = 1{|d(s, ;) — d| < h}. For simplicity of
the results, throughout I assume that the weights are known (rather than estimated),
w;(s,d) >0, and w;(s,d) =0 if d(s,r;) > D for some D € R large enough that may de-
pendond. Let I, ={i e I: w;(s, d) # 0}.

Estimating the effect of one treatment compared to no treatment is impractical in some
settings because multiple treatments are observed even in small areas. Instead, the re-
searcher may focus on an average marginal effect of the treatment on the treated at d:

D Pr(S=5)) "> wi(s, d)7i(s]S)

Tmarginal (d) = S = (2)
Bl S Pr(S=8) wils d)
Se28 seS el

This effect aggregates the marginal effects of location s given all possible background
exposures S \ {s} (cf. Sdvje, Aronow, and Hudgens (2021)). The weights again resemble
the ATT, placing more weight on assignments that are more likely to be realized.

Asymptotic results in this paper refer to sequences of finite but growing populations as
in, for instance, Abadie, Athey, Imbens, and Wooldridge (2020). All randomness is due to
treatment assignment. Along the sequence, populations, indexed by &, grow in the sense
that |Sy| — oo and |[;| — oo as k — co. Additionally, for all asymptotic results, I assume
outcomes and weights are bounded and weak bounds on the spatial concentration of ob-
servations hold as summarized in Assumption 8 in the Appendix, with all bounds uniform
over k. Hence, the asymptotic results most plausibly approximate the finite sample behav-
ior of the estimators below when the number of treatment locations is large and spread
out in space. For readability, I suppress the dependence on the sequence index in the
notation of the main part of the paper.

3. EXPERIMENTAL DATA: ESTIMATION AND INFERENCE

I discuss estimators of average treatment effects on the treated (ATT) for a setting
where all data are for a single large region with multiple candidate treatment locations
across which treatment is randomized independently.

ASSUMPTION 1—Independent Assignment: Treatment is assigned to candidate locations
independently, with marginal probability w, = Pr(S > s) for location s. For S C S,

PrS=8)=[][m [[-m),

ses§ seS\S

and the probability of treatment is bounded away from 0 and 1, ¢ < 7w, < 1 —c for some ¢ > 0.

The key idea of this section is that one can use assumptions motivated by the spatial na-
ture of the treatments to derive estimators for treatment effects, as well as their standard

3In this paper, the choice of weights, such as binning, corresponds to the desired estimand rather than a
kernel used to estimate a function at a point.
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errors. Even without these assumptions, the estimators estimate meaningful marginal ef-
fects (as defined in Equation (2)), see Theorem 1(iii), and only some of the structure is
needed for the approximate variance of the estimator to remain valid, see Theorem 1(iv).

I first focus on an assumption of additive separability, also studied by Wang, Samii,
Chang, and Aronow (2025), before also discussing identification and estimation under an
alternative assumption.

ASSUMPTION 2—Additively Separable Effects: The effects of the treatment are additively
separable. Foralliel,SCSandse S,

Yi(S) - (S \ {S}) i({S}) —Yi(#) =7i(s).

Intuitively, the assumption requires that returns to additional realized treatment loca-
tions are neither increasing nor decreasing in the number of realized treatment locations
nearby. Additively separable treatment effects are an appropriate specification if the ef-
fect of each treatment is independent of the realization of other treatments. Additive sep-
arability implies that one can write Y;(S) — Y:(¥) = ) _ ¢ 7:(s). For instance, if, to a first
approximation, the air pollution due to a power plant (Zigler and Papadogeorgou, 2021)
adds pollutants into the air without affecting pollutants added by other power plants, the
effects of the plants on exposure to pollution are likely approximately additive. The as-
sumption does not impose homogeneity of treatment effects: It neither requires different
treatment locations to have the same effect nor does it require a treatment location to
have the same effect on two distinct individuals.

The estimator based on additive separability compares individuals at the distance of in-
terest from realized treatment locations to (properly weighted) individuals at the distance
of interest from unrealized treatment locations:

Z 1{S> S}Zw,-(s, d)Y; Z @m Z w;i(s, d));

s

?’(d) = S% e }i% ( d) _ 5€S S5 jel . (3)
> w;(s, .
seS iel Z — s Z w; (S, d)

seS iel

To derive standard errors and show asymptotic normality, I assume that treatment ef-
fects are local: Treatments have no or relatively small effects on individuals far away from
them. Let d,, be the known distance denoting “far away,” specified appropriately by the re-
searcher depending on the treatment and outcome of interest. For individual i, define the
approximate exposure mapping (Sévje, 2023) based on the set M]; = 2i<S:d(s.r=do} T et the
random variable M, € M be the realized approximate exposure, determining the realized
treatment state of all candidate treatment locations within d, of i. Denote i’s “potential
outcome” under exposure m € M; by Y;(m) = E()V;|M; =m).

ASSUMPTION 3—Limit on Effects After Distance d,: Either

(a) the treatment has no effect at distances larger than d, such that forall i € I, S C S with
seS:ifd(s,r;) > dy, then Y;(S) = Y:(S\ {s}); or

(b) the effect of treatments at distances larger than d, are small relative to the vari-

€

ation in outcomes due to treatments at shorter distances: < = 0,(1), where € =
w; S,d S}t

é Zses Zie]l ﬁ((d))(]l{s > S} MSié} )(yl - Y(M )) Wlth }’l(d) - \S| ZseS s X

Y . Wi(s, d) the average (per locatlon) expected number of treated individuals, and o*

is the variance under (a) of an infeasible estimator 7(d) ~ 7(d), defined in Theorem 1.
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Assumption 3(b), which is implied by 3(a), allows treatments to affect outcomes of far-
away individuals. The term e captures the realized contribution to outcomes of treatment
locations farther than d, away. By construction, E(€) = 0. In contrast, o captures the vari-
ation due to treatment locations closer than d,. For instance, individuals not affected by
treatments beyond a distance of dy have ); = Y;(M;) with probability 1 and therefore
contribute only to o but not to €. Hence, Assumption 3(b) only requires that there is a
distance d, capturing most of the effects.

The following theorem describes the (approximate) finite population properties of
7(d). It uses an approximation to 7(d) that replaces its stochastic denominators by their
expectations and recenters its numerators appropriately. Specifically, let

. 1 w;(s, d) 1{S % s},
dEmarinad To — ]l i ld -4 i cd )
) = )+ S5 0 (1482901 - (@)~ H2 2R (01— (@)
where u,(d) and u.(d) are defined with the same weights as 7nugina (d) (Equation (2))
but with Y;(S) and Y;(S \ {s}), respectively, replacing 7;(s|S).

THEOREM 1: The estimator 7(d) is similar to the infeasible estimator 7(d), which has
analytically tractable design-based properties:
(i) Under regularity conditions (Assumption 8 in the Appendix): 7(d) — 7(d) — , 0.

(ii)) Under Assumptions 1 and 2: E(7(d)) = 7(d) (unbiasedness for ATT).

(iii) Under Assumption 1: E(7(d)) = Tiagina(d) (unbiasedness for marginal ATT).

(iv) Under Assumptions 1 and 3(a): The variance of 7(d) is var(7(d)) = o* = (V,(d) +
Vo(d) 4+ Vi (d) — Vii(d) — Vi(d) — V.(d))/IS| with the notation defined in Ap-
pendix A.1.

(v) Under Assumptions 1,3(b), and regularity conditions (Assumption 8 in the Appendix):

a:(d)77'm111;gt‘rlal(d) _d> N(O 1)

REMARK 1: The variance expression contains conceptually similar terms to the finite
population design-based variance of the difference-in-means estimator in standard ran-
domized experiments with individual-level treatments. The first two terms, V, and 176, re-
semble variances of individual-level potential outcomes corresponding to treatment and
control of a candidate location at distance d. The third term, V,(d) takes observable
cross-products between distinct individuals, candidate treatment locations, or treatment
states. The third term (jointly with the weighting inside V; and V,) adjusts for the corre-
lation in the exposure to treatment of individuals who are close to one another, as well
as for individuals with positive weight w; (s, d) for multiple different locations s. The final
three terms, V,,(d), V..(d), and V,,(d), are averages of squares of differences in potential
outcomes that cannot be observed simultaneously, and are therefore unobservable similar
to the variance of treatment effects in the finite population design-based variance of the
difference-in-means estimator in standard experiments. Dropping the final three terms
yields a conservative estimator of the variance because these terms are non-negative by
construction.

REMARK 2: As a general guideline, to meaningfully reduce the design-based variance
of the estimator, one needs to expand the sampling area, rather than the number of in-
dividuals or candidate locations within a fixed area. Adding individuals while holding the
sample area fixed does not generally reduce the variance of the estimator. The effect of
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increasing the number of (candidate) treatment locations within a fixed sample area on
the variance of the estimator is more nuanced. However, the estimator of that variance
will generally become more conservative because additional candidate locations increase
the number of unobservable and hence inestimable treatment configurations (captured

by IZC(d), 17,,(0,’), and IZ,(d)) exponentially.

REMARK 3: The theorem shows attractive properties of an estimator for the effects
of spatial treatments under a design-based framework leveraging the randomization As-
sumption 1 for causal identification. A popular alternative estimator, comparing individ-
uals on an inner ring who are near the treatment to individuals on an outer ring who are
farther away from treatment, typically combined with a before versus after comparison
in a difference-in-differences setup, is not justified by the same design-based assumption.
This lack of a natural design-based interpretation of a particular difference-in-differences
estimator in spatial settings is in contrast to the standard difference-in-differences setting
and estimator, where a natural form of randomization can ensure parallel trends by de-
sign.

REMARK 4: In contemporaneous work, Wang, Samii, Chang, and Aronow (2025) pro-
vide a result similar to Theorem 1 but focus on a simple difference-in-means estimator
that arises after averaging outcomes by candidate treatment location and assuming the
probability of treatment is constant across candidate locations. The setup of the present
paper nests these choices but allows me to derive more general results, covering estimands
targeted by existing empirical studies of spatial treatments and accommodating heteroge-
neous treatment probabilities that are commonly found in the non-experimental settings
considered in the following section. Expressions of the design-based variance admitting
simple (conservative) estimators without restrictions on treatment effect heterogeneity
were first circulated in early versions of the present paper. The asymptotic normality re-
sult of Theorem 1(v) allows treatments to have (small) effects even at large distances
(Assumption 3(b)), while the earlier result of Wang, Samii, Chang, and Aronow (2025)
relies on an analog of the stronger Assumption 3(a) of no effects past some distance. Due
to the aggregation of outcomes by candidate treatment location in the analysis of Wang,
Samii, Chang, and Aronow (2025), their assumptions are not expressed in terms of the
individual-level potential outcomes and locations that are part of the primitive concep-
tual objects of the present paper. Hence, while closely related, the assumptions are not
nested and the formulas do not coincide exactly even when specialized to the estimand
they consider.

REMARK 5: When the candidate treatment locations are sufficiently far apart that in-
dividuals receiving non-zero weight are affected by at most one location, the setting cor-
responds to clustered assignment in randomized experiments. Intuitively, Assumption 3
allows for “overlapping clusters” where any individual may be part of an arbitrary number
of clusters.

REMARK 6: The variance in Theorem 1(iv) is for 7(d) as an estimator for the in-sample
ATT defined in Equation (2). It relies solely on randomness due to treatment assignment,
not sampling. The underlying thought experiment (repeated samples re-assign the treat-
ment to the candidate locations) is easy to articulate and corresponds to the variation
required for interpretation as a causal effect. Hence, the researcher does not need to
additionally specify a hypothetical super-population and how the sample arose from it.
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FIGURE 1.—The estimands 7(d) and 7°9(d) can meaningfully differ from one another. Suppose the sample
area can be separated into regions such that outcomes in a region are only affected by the single candidate
treatment location within the same region. Consider two types of regions, whose candidate treatment locations
are equally likely to be treated and which have individuals distributed across space as given in panel (a). Panel
(b) shows the decay of ATTs over distance for each region as a solid line. The dashed line shows the estimand
7(d), which weights by the relative number of individuals at distance d and is increasing in distance over
some range. The dotted line shows the estimand 7°9(d), which weights the regions equally and decreases
monotonically.

REMARK 7: The estimator 7(d) with distance bin weights places equal weight on
all individuals at distance d &+ & from a candidate treatment location (up to the ATT
weights reflecting treatment probabilities). At least two alternatives may be worthwhile.
First, one can apply equal weights to each treatment location, rather than individual,
by taking w;'(s, d) = 1{|d(s,r;) — d| < h}/ Y, 1{ld(s, r;) — d| < h}. These weights fa-
cilitate interpretation of the estimand across distance if there is substantial heterogene-
ity in population counts over distance and treatment effects by treatment location; see
Figure 1 for an illustration. Second, researchers may deviate from the distance bin
weight by choosing a kernel that is continuous in distance, such as triangular weights
wiri(s,d) = (1 — |d — d(s, )|/ h)1{|d(s, ;) — d| < h}. In the framework of this paper,
changes to the weights change both the estimator and estimand. In practice, the resulting
estimator may be more robust to small errors in locations and may have more attractive
properties if one wishes to estimate the function 7(-) in a framework where asymptotically
there are individuals arbitrarily close to any distance of interest d for this estimand to be
well-defined.

While the results above describe an estimator motivated by additive separability, the
ideas in this paper can be used to motivate estimators and derive their properties under
alternative assumptions such as the following:

ASSUMPTION 4—Only Nearest Realized Location Matters: For all i € I, S C S with
seS, s eS\{skifd(s,r;) <d(s,r;),then Y;(S) =Y:(SU{s}) = Y:(S\{s}).

Typically, only the nearest realized treatment location matters if individuals only access,
or visit, a single realized treatment location. For instance, if a developing country quasi-
randomly chooses locations to construct new schools (as studied by Duflo, 2001, using
a difference-in-differences design), it may be plausible to assume that only the nearest
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built school matters to an individual. For the effects of infrastructure projects, such as
additional bus or subway stops, on commute times and real estate prices (Gupta, Van
Nieuwerburgh, and Kontokosta, 2022), the appropriate assumption may depend on the
type of transit stop. An additive effects specification for bus or subway stops may be a
good approximation if each stop gives access to a different transit line. A specification
where only the nearest stop matters may be more appropriate for stops of the same line.

THEOREM 2: The average effect of the treatment on the treated, 7(d), is nonparametrically
identified if Assumptions 1, 3(a), and 4 are satisfied.

The proof of Theorem 2 is constructive in that it suggests an estimator that exploits the
combination of assumptions:

Ni(s)wi(s, d) ™5 N:(0)w,(s, d) _
Z Z Pr(N(s) =1|S > ) Vi XEXS\;S 11— Z Pr(NV;(0)=1|S % s) Y’
%nearest(d) = 8 g

Ni(s)wi(s, d) B T - N:(Owi(s,d)
ZZPr(/\f,-(s)=1|$9s) Z ZPr(j\/',-(0)=1|«5§és)

seS el seS\S iel

where N(s) is an indicator for s being the nearest realized treatment location to i, and
N:(0) is an indicator for no treatment location within d, of i being realized. See SA 6 for
additional discussion.

4. OBSERVATIONAL DATA: THEORY AND IMPLEMENTATION

Often, researchers can only study spatial treatments in observational, rather than ex-
perimental, data. I first lay out assumptions and theory connecting “quasi-experimental”
analysis using observational data to the experimental analysis outlined above. Then, I
discuss the practical implementation of estimation under such assumptions with spatial
data.

4.1. Assumptions and Theory

In Sections 4.1.1, 4.1.2, and 4.1.3, I discuss three internally coherent perspectives on
“quasi-experimental” analysis using observational data that guide statistical inference.
The perspectives are each founded in existing theoretical work but yield distinct prescrip-
tions for inference and interpretation. The researcher chooses the perspective they find
attractive for their application.

For any of the three perspectives, the unknown or hypothetical experiment satisfies
an assumption that the probability of treatment depends solely on observable charac-
teristics, not on potential outcomes, aligning with the concept of unconfoundedness in
sampling-based analyses. Intuitively, among observationally similar locations, treatment
assignment is as good as random. Let Z; be some observable characteristics of the spa-
tial neighborhood of s € S c R2, where S are the locations under consideration, and let
S={seS:m > 0} be the (potentially known) set of locations with positive probability of
treatment. Define Z={Z,:seStand Z={Z, : s € S}.
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ASSUMPTION 5—Characteristics-Determined Probabilities: Among a known set of lo-
cations s € S C R2, the treatment assignment probabilities depend solely on observed char-
acteristics, m, = Pr(S > s) = p(Z;), where Z; are observable characteristics of the spatial
neighborhood of s and p : 7. — [0, 1] is a (possibly unknown) function.

In spatial settings, researchers may commonly wish to invoke Assumption 5 based on
a relatively large set of (or “high-dimensional”) characteristics Z,. These characteristics
may include not just information about the point s itself, but also information about the
surrounding neighborhood.

The different perspectives on inference outlined below each describe the (asymptotic)
distribution F;» of an estimator 7 over the treatment assignment distribution P. The
perspectives differ in their choices for 7 and P.

Each of the results in this section also invokes Assumption 1 (independent assignment)
to limit spatial dependence in the data. If latent treatment probabilities depend on spa-
tially correlated characteristics, incorrectly omitting such characteristics from the condi-
tioning set when invoking Assumption 5 can lead not only to bias but also to incorrect
standard errors. Specifically, treatment assignment may behave as if it was spatially cor-
related rather than independent in that case.

4.1.1. Latent Experiment Perspective

The data are the product of a latent experiment with unknown treatment probabilities
7;. However, because treatment probabilities are deterministic functions of observable
characteristics by Assumption 5, one may be able to consistently estimate the 7, under
Assumption 1. The experimental estimator discussed in the previous section is then con-
sistent by standard arguments even in observational settings. However, inference needs
to account for (design-based) uncertainty in the estimated treatment probabilities: If the
latent experiment had resulted in a different set of realized treatment locations, the es-
timated treatment probabilities could be different. Because the true experiment is un-
known, Assumption 3 typically needs to hold for S the subset of R? corresponding to the
study area, while the unknown S = {s € R? : 7, > 0} is typically finite.

I show that for a class of estimators, the uncertainty in estimated treatment probabili-
ties does not affect the asymptotic distribution of the estimators to first order. Extending
recent theoretical advances (for instance, CCDD+ (2018)) to a design-based finite pop-
ulation framework with spatial dependence, I study the estimator 7gn(d) = 7(d, 7, t)
where

5 wis. d) (]1{3 _us ’;S} ps)(yi — i (d))

iel seS §

Z Z w;(s, d)1{S > s}

iel seS

7(d, p,m) =

with a choice of first step estimates for p and m, 7 and [, based on cross-fitting described
below. With (infeasible) 7 = (,),cs and u such that, using covariates Z;; containing Z;,

Z Z wy (S/, d)]l{ZS/’,'/ = ZX,,-}E(:)),»/|S $ S/)
[.Ls,i(d) = s'eS i'el ,

Zzwt’ s ]I{Zs i = s,i}

s'eS el
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the estimator 7(d, , ) is similar to the estimator 7(d) in Equation (3) with “demeaned”
outcomes, and a result analogous to Theorem 1 applies.

The first step estimates 7, and [, ; are based on a random split of the candidate treat-
ment locations into F folds, with F fixed, denoted by the partition (Sf)J’f:1 of S with f(s)
the fold of s. Create estimation samples containing observations that are design-based
independent of observations in a fold f as follows. For I C L, let S, ={s e S:d(s,r;) <
d, for some i € I} be the locations that may affect individuals in  under Assumption 3(a).
LetI; ={iel:d(s,r;) <d,forsome s € S;} be the individuals who may be affected by

treatment at locations in fold f under Assumption 3(a). Let I, = Usesf I be the individ-

uals who receive weight by the estimand for being near a location in fold f. The estimate
1, is based only on candidate locations s € S\ (S U Ss : (S)) that are neither in the same
fold nor affect individuals receiving weight in the estimand for being near a location in
the same fold. The estimate f, ; is based only on individuals i € T\ (I, U I;)) who are
neither affected by locations in the same fold nor receive weight in the estimand for being
near a location in the same fold. The estimation samples are weighted random samples:
locations and individuals far away from other locations are more likely to be included, but
sample splitting is random. Hence, it is straightforward to reweight observations inversely
by their inclusion probabilities, which, intuitively, are related to the probability that all
locations are not in fold f(s). These sample splitting estimates ensure design-based in-
dependence of (7, fis,;) and (1{S > s}, V;) under Assumptions 1 and 3(a). The individ-
ual folds cannot differ too much from the full sample, in the sense that, for each fold

~ - Yesp LWy (YUZy p=Zs YE(Vy|S3s')
5 ‘§l| Zssgf Dien, (i — psi)* = O,(ISI™"%), where 4, ; = fz(ss)/esf(x) Y rerwr VU Zy 1241}
similar to u but averaging only within fold f(s). Assumption 8(d) in the Appendix for-
mally imposes this condition. For random sample splits, this bound is attained if the num-
ber of distinct values Z;; takes on is O({/]S]).

ASSUMPTION 6: The first step estimates using sample splits described above converge
sufficiently  quickly such that: (i) \/|S|_1 D 2oien (Bsi — msi)? = 0,(ISI7Y),

(i) \/lSl_1 3 (s — )2 = 0,(IS|""/*), and (iii) with probability 1, 7, € [0, 1 — c] for some
¢ >0, and 1 ; is bounded for all s and i.

THEOREM 3: Suppose Assumptions 1, 3(a), 5, and 6, as well as regularity conditions
(Assumption 8 in the Appendix), hold, and (7(d, w, i) — Tmargina(d))/ o AN (0, 1) where
o? =var(7(d, m, p)), with 7(d, p, m) equal to 7(d, p, m) except that the denominator is
replaced by its expectation, is such that 1/o = O(/|S]). Then,

7,:(da 'ﬁ-, ﬁ’) - Tmarginal(d) _d> N(O 1)

REMARK 8: The theorem describes the asymptotic distribution F; 4 4 p of the estima-
tor 7(d, 7, iu) (including nuisance function estimation) across the treatment assignment
distribution P arising from independent assignment according to the marginal probabili-
ties 77, of the true latent experiment.

REMARK 9: The variance in the theorem does not depend on the quality of the estima-
tors of the first step estimates 7r and [ as long as they satisfy the rate conditions. Hence,
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when using this estimator of the ATT, one can effectively “ignore” the noise due to esti-
mated treatment probabilities at the cost of also requiring an estimate of the conditional
mean.

REMARK 10: The assumption on the infeasible 7(d, 7, n) typically holds based on an
analog of Theorem 1.

The rate conditions in the theorem above allow for growing dimensionality of char-
acteristics. For notational simplicity, I derive convergence rates (Theorems 4 and 5) for
estimators without sample-splitting.

For a simple example of the estimator 7, let 7r, = ), .« 1{Zy = Z}1{S > s'}/n,, where
n, =Y . 1{Z, = z}, be the average treatment status of locations with the same charac-
teristics as s.

THEOREM 4: Under Assumptions 1 and 5, if | Z| = o(J/|S]), then \/|S|_1 Y sy — ) =
0,(ISI"*), and #r, = 0 with probability 1 for s € S\ S.

REMARK 11: The particular estimator 7r above is most appropriate when the character-
istics Z; correspond to discrete types. Intuitively, one may think of the CNNs proposed be-
low as defining locations to have the same type if their neighborhoods, discretized through
a fine grid, are identical up to rotation and mirroring.

REMARK 12: The convergence rate does not depend on the cardinality of the set of
characteristics Z \ Z of locations where the unknown probability of treatment is zero. This
result is useful because in spatial settings there may often be very many or even infinitely
many possible locations, and hence many possible characteristics, with almost all never
appearing with any treatment.

For the conditional outcome mean, consider a parametric assumption such as u;; =
Z, ;B for L-dimensional bounded row vector Z;;. Under standard assumptions, one
may estimate B by weighted regression of ); on Z; using each (s,i) € S x I pair with
w;(s,d) #0and s ¢ S as observations with weights w; (s, d). In settings where the number
of covariates grows (slowly) along the sequence of finite populations, the theorem below
considers the estimator including a LASSO penalty under a sparsity assumption. To de-
fine the LASSO estimator formally, define the vector Y and matrix Z to include all pairs

(s,7) € S x I with w;(s, d) # 0, such that for row j, V; = Jwi;)(s(j), d)U{S % s(j)}Viij

and Z; = \/wi;)(s(J), A)I{S 3 5(j)} Zy(j),i¢j)- Both Y and Z are random due to their de-
pendence on S. Let 71 be the number of rows of Y, and A the penalty parameter. Then

R 1 - A .
peargmins- (V- ZB) (V= ZB)+A)_IBI  isi=Zub.

=1

The formal result below, bounding the estimation error, uses a restriction of spatial de-
pendence, which, effectively, is a strengthened form of Assumption 3(b). The condition
groups location-individual pairs (s, i) into clusters c(s, i) € C such that dependence across
clusters is limited. For pair (s, i), define the approximate exposure mapping based on
the set M ; = 2W'sSelsd=c(s’i) forsome '} ] et the random variable M, ; € M ; be the realized
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approximate exposure, determining the realized treatment state of all candidate treat-
ment locations in the same cluster. Denote the (s, i) “potential outcome” under exposure
m e M ; by Y, ;(m) = E();|M,,; = m), and the vector of weighted potential outcomes by

Y™ with Y = Jwi) (s()), ) IS 3 s()}Yi0.i0) (Mii.icp)-

ASSUMPTION 7—Many approximate clusters: Observations (s, i) € S x Lwith w;(s, d) #
0 can be grouped into approximate clusters c(s,i) € C such that (i) the number of ob-
servations per cluster is bounded, (ii) c(s,i) = c(s, 1) for each s and any i, i, and (iii)

max___ {12222 = 0, (/In(L)/]C)).

In Assumption 7(iii), Y — ¥** computes how much treatments outside an observa-
tion’s cluster affect its outcome under the realized assignment. These out-of-cluster ef-

fects are multiplied with the regressors and averaged over observations. The LASSO re-

(y
lies on the largest covariance between regressors and residuals, maxl{| L |}, van-

ishing not too slowly, where Z_; is the /th column of the regressor matrix Z. When

max,{lwﬁ = 0,(y/In(L)/|C]), as in Theorem 5 below, Assumption 7(iii) effec-
tively states that variation in the residual Y — Z 8 due to assignments outside the cluster
is of smaller order of magnitude than variation due to assignments within the cluster. As-
sumption 7(ii) implies that the treatment indicator is independent across clusters if also
Assumption 1 holds. Assumption 7(i) ensures that, for sequences of finite populations
where the number of candidate locations and the number of individuals grow at the same
rate, the number of clusters grows sufficiently fast.

THEOREM 5: Suppose Assumptions 1,5, and 7, as well as regularity conditions (Assump-

tion 8 in the Appendix), hold. If the following two conditions hold:

1. linear conditional mean: p,; = Z, ;B for all (s, i) € S x Twith w;(s,d) #0,

2. restricted eigenvalues wp. approaching 1 and k > 0 bounded away from zero,
—||Zx||2 > k|| x|3 for all x € R: such that ||xp—oll; < 3l|Xpx0ll; where xp_o and xp
are subvectors resmcted to entries where corresponding entries B are (not) zero and
llall, denotes the £, norm of the vector a,

then, for a sequence of finite populations with |S|, |1|, and |C| growing at equal rates and L

growing, there exist constants C, C € R such that the LASSO with penalty parameter cho-

sen as A = C’,/ln(L)/|S| yields estimation error / Zle(ﬁl — B2 < C/IIBlloIn(L)/|S| with

probability approaching 1, where || B||, is the number of non-zero elements in .

REMARK 13: Theorem 5 shows that, under the finite population design-based frame-
work of this paper, the LASSO achieves its usual convergence rate, allowing for a grow-
ing number of regressors assuming sparsity. For prediction errors fi,; — i, if Z, i
remains bounded as L grows (e.g., a growing number of types where, for a given observa-
tion, only the fixed subset of regressors corresponding to its own type are non-zero), then
Theorem 5 implies Assumption 6(i) as long as [|B]l,In(L) = o(V/S]).

REMARK 14: The linear conditional mean assumption can be ensured to hold by sat-
urating the regression in settings with discrete covariates. Sparsity allows the estimator
to achieve low error even if the number of regressors grows along the sequence of fi-
nite populations. The restricted eigenvalues assumption is standard in the literature on
the LASSO. When Z'Z is invertible but all entries of 8 are non-zero, the assumption
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bounds the smallest eigenvalue away from zero such that the typical rank condition (from
fixed-L asymptotics) holds even in the limit; sparsity of 8 weakens the assumption.

4.1.2. Hypothetical Experiment Perspective

The researcher identifies a particular set of counterfactual locations, determines hypo-
thetical treatment probabilities, and analyzes the data as if these locations and probabili-
ties were known properties of an experiment as in Section 3. The researcher uses institu-
tional knowledge and computational techniques, such as those outlined in the following
section, to identify a control group that is plausibly comparable to the observed group of
treated observations. Because the hypothetical treatment probabilities 7, are determined
by the researcher, they generally satisfy Assumption 5 of being based on characteristics
observable to the researcher. The approach then treats the data as resulting from the cor-
responding experiment satisfying Assumptions 1 and 3. There is no assumption that such
an experiment occurred in the past; it is solely a hypothetical device for constructing the
“repeated sampling” thought experiment underlying inference. This perspective acknowl-
edges that the thought experiment for design-based inference around in-sample causal
effects is inherently divorced from any feasible or observable procedure. In contrast to
repeated sampling from a larger population, which at least theoretically can be feasible in
some settings, it is entirely impossible to carry out the design-based repetition in practice.
Hence, the researcher justifies inference as reflecting one particular hypothetical thought
experiment.

A convenient choice for the hypothetical experiment is the ideal experiment of Sec-
tion 3 because it is feasible to study and has the attractive design-based properties dis-
cussed above. Formally, the researcher appeals to the properties stated in Theorem 1 as
describing the (asymptotic) distribution F;, p of the estimator 7(d) as in Equation (3)
(with 7, fixed as determined by the researcher) across the treatment assignment distri-
bution P arising from independent assignment according to the marginal probabilities
determined by the researcher.

Procedurally, inference under this perspective is similar to constructing a matched sam-
ple based on estimated treatment probabilities and then taking the sample as given (for
instance, Imbens and Rubin, 2015, Chapter 17.6). By never using outcome data in identi-
fying the counterfactual locations and determining hypothetical treatment locations, this
necessary first step for observational data “cannot intentionally introduce systematic bi-
ases in the subsequent analyses for causal effects on outcomes” (Imbens and Rubin, 2015,
p. 374).

4.1.3. Conditional Inference Perspective

The researcher assumes an experiment took place, but inference is not based on the
full unknown experimental assignment distribution. Instead, the researcher makes As-
sumption 5 with a convenient parametric functional form but an unknown parameter. By
conditioning on a sufficient statistic for the unknown parameter, the inferential distri-
bution no longer depends on the true parameter value. In other words, standard errors
express the amount of variation in the estimator across assignments that lead to the same
value of the sufficient statistic.

Formally, the researcher appeals to the properties stated in Theorem 1 as describing
an (asymptotic) distribution F;) p. The estimator 7(d) is as in Equation (3) but with esti-
mated 7, given the realized assignment in place of the unknown 7. The distribution P is
the conditional distribution arising from restricting the true latent experiment to assign-
ments for which 7r; takes on the values observed in the sample and the marginal treatment
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probabilities of the conditional distribution coincide with 7r;. Despite the researcher ac-
knowledging that 7, is estimated from the sample, the conditional inference thought ex-
periment can hold 7, fixed across samples, simplifying finite sample inference as in the
ideal experiment of Section 3. However, even if the true latent experiment features inde-
pendent assignment, the conditional distribution may feature dependence. Nevertheless,
some of the results of Theorem 1 may apply, as illustrated with a simple example below.

For the simplest example, consider an experiment according to Assumption 1 with a
constant probability of treatment for locations in a known set S, and zero probability of
treatment elsewhere. The full assignment distribution depends on the unknown probabil-
ity of treatment. However, conditional on the number of treated locations in the sample,
the assignment distribution is known to be a uniform distribution over all assignments
that hold the number of treated locations fixed. Hence, conditional inference treating the
estimated (constant) treatment probabilities as fixed is valid.

The results of Theorem 1 remain useful for conditional inference in the example: The
variance assuming independent assignment is conservative in expectation (by the law of
total variance), but asymptotically the designs are equivalent (Hajek, 1960). The exam-
ple readily extends to settings where the researcher observes several candidate locations
for each value of the characteristics in Assumption 5. When many locations have distinct
characteristics, but the treatment probability function takes a logistic functional form,
conditional inference via permutation tests of sharp null hypotheses is possible (Rosen-
baum, 1984).

4.2. Finding Counterfactual Treatment Locations Using Convolutional Neural Networks

I propose using CNNs to identify plausible counterfactual treatment locations that are
observationally similar to realized treatment locations. The particular implementation of
CNNs I advocate for is well-suited for spatial settings because it has two key features.
First, it allows the prediction of counterfactual locations to depend flexibly on the spatial
configuration of characteristics in the neighborhoods around the locations. Second, it is
computationally feasible despite a very large number of possible locations to consider and
very high-dimensional covariates.

The convolution operation, together with input data augmentation (Simard, Steinkraus,
and Platt, 2003), implements the idea that the spatial distribution of characteristics rel-
ative to a location is often important for the location’s plausibility as a counterfactual
treatment location. In Assumption 5, characteristics Z; of location s may contain the lo-
cal values v, , and relative locations of points (x, y) around s. The convolution operation
f on a grid v of input values v, , is

k k
f(v)xvy = Z Z Bu,b ° vx+a,y+h

a=—k b=—k

such that the value at grid cell (x, y) is based on input values within x £ k, y + k for a
fixed k. The coefficients B, which are estimated by the neural network, capture the weight
placed on input values at locations relative to (x, y). By using the same 8 to compute the
convolution at all points (x, y), CNNs can be more parsimonious than fully connected
neural networks and enforce equivariance to shift. Using multiple layers of convolutions
combined with nonlinear activation functions at each grid cell allows the network to learn
nonlinear relationships. Augmenting data by spatially shifting, rotating, and mirroring the
input effectively imposes an equivariance with respect to these operations. Equivariance
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formalizes the economic logic that relative locations of spatial features and characteristics
matter, rather than their absolute locations and orientations. With standard methods,
such as logistic regression, it appears challenging to incorporate a similarly flexible yet
equivariant relationship between the output at a point and the characteristics measured
at spatial locations near it. Furthermore, the approach using CNNs is computationally
feasible because the categorical predictions compute estimates for many locations (grid
cells) at once, and stochastic gradient descent, used to estimate the CNN parameters,
limits memory requirements and improves speed in the presence of very high-dimensional
spatial data used as predictors. I describe and discuss the use of CNNs in more detail in
SA 3.

I train a CNN to distinguish between realized locations of the treatment and other
locations based on observable characteristics. The key insight is that spatial data can typ-
ically be “plotted on a map,” and hence spatial data can resemble image data, for which
CNNs have enjoyed recent popularity (Krizhevsky, Sutskever, and Hinton, 2012). The in-
put to the CNN is a 3D tensor: a fine 2D discretization of space approximately centered
around the real or possible counterfactual location, combined with a third dimension that
enumerates the values of every characteristic measured for this grid cell. I design the ob-
jective function of the CNN to partly resemble a generative adversarial network (GAN,
GPMX+ (2014)) while maintaining the more easily trained structure of finite categorical
prediction: The output of the CNN is an “activation score” for each categorical predic-
tion of whether (“discriminator”) and in which spatial grid cell (“generator”) there is a
real treatment location. A GAN is attractive because its generator draws from the modes
(“most plausible”) of the treatment location distribution across space rather than estimat-
ing mean locations (Goodfellow, 2016, Lotter, Kreiman, and Cox, 2016), and the GAN
implicitly maintains an internal estimate of the distribution of the treatment across space,
which here resembles the treatment probabilities.

After training, the “false positives” of this algorithm (counterfactual locations drawn
from the generator) are grid cells without real treatment locations that the CNN could
not distinguish from real treatment locations based on observable characteristics. Under
Assumption 5, observationally identical locations are a design-based valid control group.
More precisely, I use matching on the activation score to create a sample consisting of
the real treatment locations and those locations with the most similar activation scores,
akin to propensity score matching for sample construction. I then estimate the treatment
probability using only the matched sample, effectively setting the estimated treatment
probabilities of all other locations to zero, and analyze the observational data following
one of the perspectives above.

5. APPLICATION: FOOT TRAFFIC IN TIMES OF COVID-19

In this section, I demonstrate the use of the proposed methods to study the effect of
grocery stores on the number of visitors to restaurants during COVID-19 shelter-in-place
policies.® Here, grocery store locations are the treatment locations, and restaurants are
the individuals for whom I estimate average effects by distance from treatment. For ex-
amples of existing empirical studies involving spatial treatments, see SA Table OA1.

I use data on the location of businesses in the San Francisco Bay Area, shown in Fig-
ure 2(a), and the number of visitors to them from SafeGraph, available to academic re-
searchers. For each business appearing in these data, SafeGraph records latitude and

See SA 4 for the exact definitions of grocery stores and restaurants used in this analysis.
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FIGURE 2.—The sample includes businesses in the San Francisco Bay Area between San Francisco and San
Jose (panel (a)). Grocery stores in study area: solid triangles (167); outside (considered fixed): black triangles.
Restaurants: black circles (1627 within 0.5 miles of real or counterfactual grocery stores). Panel (b) zooms in
on a location in Redwood City, also indicating locations of other businesses (squares), and illustrates the size
of grid cells as well as circles with radii 0.05mi, 0.10mi, and 0.15mi around the two grocery store locations in
the plotted area.

longitude, NAICS industry code, and the number of visitors in a given week whose smart-
phone location data are available to SafeGraph. SafeGraph’s proprietary algorithm de-
fines visits based on the location of the smartphone, time spent, relative locations of other
businesses, and time of day. To cover the South Bay Area, I select grocery stores near
Burlingame (within 3 miles of the city center), Belmont (5 miles), Menlo Park (5.5 miles),
and Mountain View (2.95 miles). I manually confirm that all grocery stores used in the
analysis were indeed open during the study period (the week starting April 13, 2020) and
set their latitude and longitude to the front door. For restaurants, I remove duplicate ob-
servations due to typos in restaurant names and compare SafeGraph coded latitude and
longitude to geocoding by Google Maps. I restrict businesses to those with at least 7 vis-
its, as recorded by SafeGraph, in each of the first four calendar weeks of 2020 to focus
on businesses that were open before the pandemic. Overall, I use 167 real and 162 coun-
terfactual grocery store locations, with 1,894 and 1,612 instances of restaurants within
0.2 miles, respectively. These instances arise from 752 unique restaurants with a median
of 8 visits in the SafeGraph data for the study period. For additional detail on sample
construction, see SA 4.1.

When consumers make only essential trips, such as getting groceries, other businesses
relying on foot traffic, such as restaurants, may benefit from being located nearby. Local
governments in the San Francisco Bay Area urged residents to only make essential trips
during shelter-in-place policies in April 2020. At the same time, other businesses such as
restaurants remained open for takeout business. However, drastically reduced foot traffic
and customers over time led to financial distress for many businesses (Yang, Liu, and
Chen, 2020). In such times, a location along consumers’ essential trips may benefit these
businesses.

The causal interpretation of the cross-sectional estimators of this paper rests on As-
sumption 5 that assignment probabilities depend only on observable characteristics, not
potential outcomes. Hence, restaurants in neighborhoods differing in their number of
grocery stores, but similar in terms of all other kinds of businesses and observable char-
acteristics, would in expectation have comparable numbers of visitors if they had similar
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exposure to grocery stores. The assumption may be plausible because restaurants chose
their locations based on pre-pandemic potential outcomes, if at all. Restaurants that lo-
cated before the pandemic are unlikely to have (accurately) predicted and sorted based
on potential foot traffic patterns during shelter-in-place policies. Even pre-pandemic, gro-
cery store locations may not have been the primary concern for restaurants, holding loca-
tions of all other businesses fixed. See SA 7 for empirical analyses assessing the identifying
assumption.

For this application, I make Assumption 5 using the relative locations of businesses
by industry as the observable characteristics Z;, which form the input into the CNN and
hence treatment probability estimation. Panel (b) of Figure 2 illustrates these controls by
plotting as squares other businesses near a particular grocery store in the sample. I super-
impose a grid with cells of size 0.025mi x 0.025mi that shows the discretization used by the
CNN. I divide these other businesses into seven groups by their four-digit NAICS code, as
listed in SA Table OA3, and the count of businesses by industry for each grid cell is used
as a covariate. One could similarly control for any other variables that can be plotted on
a map, such as average house price by grid cell or the fraction of individuals with college
degrees in the census tract covering the grid cell if such data are available and relevant
for a given application. When training the network, I impose continuous shifts to the grid,
such that the discretization becomes less relevant, as well as rotation and mirroring to
build in equivariance such that only relative locations matter. The CNN passes the spatial
grid of businesses by industry through four sequential 2D convolutions, calculating 16, 36,
36, and 1 weighted averages (“channels”) of the neighborhood of each point based on
the output of the previous layer, with one final fully connected layer. Based on a matched
sample of real grocery store locations and counterfactual locations predicted by the CNN,
I estimate treatment probabilities based on the number of restaurants and grocery stores
by distance from each location using logistic regression. I give a complete description of
the implementation of the CNN and treatment probability estimation in SA 3 and 4.

Researchers can assess the plausibility and quality of the counterfactual grocery store
locations predicted by the neural network and the estimated treatment probabilities by
considering summary statistics of balance and the concentration of the difference in ex-
posure to real grocery stores. Researchers can also informally inspect the suitability of
counterfactual locations by plotting both real and counterfactual locations on a map. Sys-
tematic differences between real and counterfactual locations imply that estimated effects
reflect not just differences in exposure to grocery stores, but also these other differences.

Figure 3 assesses whether restaurants near real grocery stores, compared to restau-
rants near counterfactual locations, are exposed to one additional grocery store at the
distance of interest, with no differences in exposure at other distances. Each panel fo-
cuses on restaurants at a different distance from (real and counterfactual) grocery store
locations. The line shows the difference in the average number of real grocery stores
by distance from these restaurants. In each panel, there is little difference in exposure
for restaurants near real and counterfactual restaurants, except at the distance for which
these restaurants serve as treated and control, respectively. Hence, the estimated effect
at a particular distance indeed reflects the difference between one more/fewer grocery
store at that distance. Because balance in exposure to real grocery stores is essential for
interpretation, I include covariates describing exposure directly in the treatment proba-
bility estimation. If there were differences in exposure at other distances, one could not
interpret the estimates as the effect of adding one more grocery store. Instead, under ap-
propriate assumptions, it may reflect the effect of shifting a grocery store from another
distance to the distance of interest.
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FIGURE 3.—Differential exposure of restaurants to grocery stores. Each plot shows the difference in the
average number of grocery stores at multiple distances (horizontal axis) between treated and untreated restau-
rants. Columns show restaurants in different distance bins around candidate grocery store locations. To give
a sense of statistical uncertainty in differential exposure, I take 10,000 draws from the treatment assignment
distribution (given by Assumptions 1 and 5) and display error bars covering the differential exposure realized
in 95% of these draws.

Figure 4 shows that other observable characteristics are balanced between the neigh-
borhoods of treated and untreated restaurants at different distances. The top left plot
focuses on restaurants within 0.025 miles of real and counterfactual grocery stores. For
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FIGURE 4.—Balance in neighborhood characteristics. Each plot shows the fraction of businesses with, in
different rows, 4-digit NAICS 7225, 7139, 7121, 8131, 6212, or 8111 at multiple distances (horizontal axis)
from treated (squares) and untreated (circles) restaurants. Columns show restaurants in different distance
bins around candidate grocery store locations. For restaurants at longer distances from grocery stores, see SA
Figure OAL. To give a sense of statistical uncertainty in characteristics balance, I take 10,000 draws from the
treatment assignment distribution (given by Assumptions 1 and 5) and display error bars covering the balance
in characteristics realized in 95% of these draws.
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FIGURE 5.—Estimated average effect of grocery stores on restaurants at different distances. The outcome
is the inverse hyperbolic sine of the number of visits as recorded by SafeGraph. Bars indicate £1.96 standard
errors.

each treated or untreated restaurant, I compute the fraction of businesses that fall into
particular industries within different distance bins from the restaurant (horizontal axis).
Squares show the average fraction among the treated restaurants. Circles show the ATT-
weighted average fraction among the untreated restaurants. Columns focus on treated
and untreated restaurants at different distances from grocery stores. Rows show the
neighborhood proportions of different industries. Overall, the reasonable balance in busi-
ness composition patterns across distances suggests that the neural networks succeeded in
finding counterfactual locations similar to real grocery store locations. Note that restau-
rants, amusement, museums, and religious locations are used as predictors in the neu-
ral network, but dentists and automotive businesses are not.” Except for the count (not
fraction) of restaurants, none of these industries are used in the treatment probability
estimation, such that the balance shown in the figure is not mechanical.

Figure 5 displays estimated effects and standard errors for the estimator given in Equa-
tion (3). Standard errors indicate the variation in the estimate expected from reassigning
treatment according to the fixed estimated treatment probabilities following the “hypo-
thetical experiment perspective” of Section 4, under Assumption 1 of independent assign-
ment and Assumption 3 that treatments have no effect beyond a distance of d, = 0.075
miles. Independent assignment may appear implausible if one believes that clustering of
grocery stores close to one another is particularly likely or unlikely. In practice, I observe
real grocery stores both in isolated locations and close to other grocery stores. However,
if information on the covariances (joint location probabilities) was available, one could
impose it instead of independent assignment (zero covariance). No effect beyond 0.075
miles appears plausible given the substantively close to zero point estimates beyond that
distance in Figure 5. Note, however, that such a figure is not proof of the sharp null hy-
pothesis of no effect of any possible grocery store exposure beyond such distances. With-
out further assumptions, the figure only suggests zero average marginal effects. If each
grocery store brings a separate set of potential customers to nearby restaurants, treat-
ment effects may be approximately additively separable (Assumption 2), in which case
average marginal effects equal average effects.

I find large positive effects of being located very close to a grocery store, with no effect
past a few minutes of walking. Table I shows the point estimates corresponding to Figure 5
up to a distance of 0.2 miles. For the restaurants in the closest bin of up to 0.025 miles,
the average effect more than doubles the number of SafeGraph-recorded visitors both

"The count of dentists and automotive businesses is used by the neural network together with all “other
industries” as a single covariate per grid cell.
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when estimating an approximate percentage effect using inverse hyperbolic sine units®
and when estimating effects in levels. In the second closest bin of restaurants between
0.025 and 0.05 miles from grocery stores, the estimated effects are smaller and not statis-
tically significant at the 5% level. For any longer distance, the effects are both economi-
cally smaller and statistically insignificant. Effects close to 0 past a couple of minutes of
walking may be due to either the unwillingness of consumers to walk longer distances or
the lack of a need to do so because there typically is a closer alternative restaurant or
coffee shop. In a study of grocery store openings building on the framework of this paper,
Chen, Qian, Zhang, and Zhang (2023) find a very similar pattern with estimated effects
that are roughly half in magnitude of the estimates here. Larger effects in this study may
be due to reduced baseline foot traffic during the COVID-19 pandemic, but overlapping
confidence intervals suggest the difference may also be due to random chance.

Table I also displays estimates using the double machine learning estimator that
may have favorable statistical properties under the “latent experiment perspective” of
Section 4. I estimate the first step treatment probability and outcome models using
cross-fitting in a post-LASSO procedure with data-driven penalty (Belloni, Chen, Cher-
nozhukov, and Hansen, 2012). When estimating treatment probability or outcome mean
for a grocery store or restaurant, I use only grocery stores or restaurants that are at least
1 mile away, satisfying design-based independence of the sample splits under the assump-
tion that grocery stores have no effect on outcomes for restaurants at distances farther
than 0.5 miles. For the treatment probability, I use the same logistic regression specifica-
tion as before. For the outcome model, I use a linear model at the restaurant level with
regressors for the number of grocery stores in eight distance bins of width 0.025 miles up
to 0.2 miles. To obtain estimates of the conditional mean in the absence of a marginal
grocery store, I use the outcome model prediction after removing a marginal grocery
store from the regressors. The inferential results of Theorem 3 apply if the cross-fit es-
timates of treatment probabilities (including the CNN) and outcome predictions satisfy
Assumption 6. The results are qualitatively and quantitatively similar to the IPW estima-
tors discussed above.

I also implement a cross-sectional inner versus outer ring estimator. For given inner
and outer ring distances, I use restaurant-grocery store pairs on both rings as observa-
tions in a regression of restaurant outcomes on an inner ring indicator and grocery store
fixed effects. Note that, most commonly, the inner versus outer ring strategy is used in
a difference-in-differences design. In this paper, however, the temporal differencing is
not attractive for two reasons. First, because changes in foot traffic from pre-COVID-19
periods into COVID-19 periods are very large, a parallel trends assumption (in levels or
percentage terms) may be questionable, and parallel trends before COVID-19 are likely
uninformative about whether trends into the COVID-19 periods are parallel. Second,
temporal differencing would at best yield estimates of the differential effect after versus
before the COVID-19 pandemic of being near real versus counterfactual grocery store
locations. In the absence of these two issues, one may wish to use both the estimators pro-
posed in this paper and the inner versus outer ring estimator in a difference-in-differences
design.

8Due to the extreme reduction in foot traffic during the COVID-19 pandemic, some businesses have zero
visits recorded by SafeGraph in April 2020, such that a log transformation is not feasible. The inverse hyper-
bolic sine is similar to the (shifted) log at values other than zero, but the usual caveats regarding the percentage
change interpretation apply (Bellemare and Wichman, 2020, Mullahy and Norton, 2023, Chen and Roth, 2024).
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The inner versus outer ring design and the quasi-experimental design proposed in this
paper are distinct both conceptually and in the implementation choices required. Con-
ceptually, whether identification is most plausible based on functional form (such as the
comparability of the inner and outer rings), on quasi-experimental variation in the treat-
ment location (as in the design proposed in this paper), on both, or on neither, depends
on the application. With panel data, the inner versus outer ring design requires parallel
trends of outcomes on inner and outer rings, while the quasi-experimental design re-
quires parallel trends of outcomes near realized and counterfactual treatment locations.
In the inner versus outer ring design, researchers typically justify the functional form as-
sumption for identification and describe a separate sampling scheme for inference. In the
quasi-experimental design, researchers use the same design-based variation for identifi-
cation and inference. The inner versus outer ring design requires the specification of an
outer ring distance. If the outer ring distance is too large, the outcome individuals on the
outer ring may be systematically different from individuals on the inner ring, especially if
treatment locations were chosen strategically. If the outer ring distance is too small, the
outcome individuals on the outer ring may be affected by the treatment such that one at
best learns about the effect of being relatively closer to the treatment. Unfortunately, the
data are generally uninformative about this trade-off. In contrast, the quasi-experimental
design requires implementation choices for counterfactual locations, as discussed in Sec-
tion 4.2. Below, I discuss an additional challenge in implementing the inner versus outer
ring design when treatment locations are not far apart.

For inner versus outer ring comparisons using all restaurant-grocery store pairs, treated
restaurants are not necessarily exposed to one more grocery store than control restau-
rants, on average. Figure 6 shows the analog to Figure 3 for the inner versus outer ring
estimator. Each panel restricts the sample to restaurants that are either on the inner ring
with a particular radius or on the outer ring with distance between 0.2 and 0.225 miles.
Within each panel, the figure plots the coefficients of regressions of the number of gro-
cery stores at a particular distance on an inner ring dummy and grocery store fixed effects,
varying the distance along the horizontal axis. Because the outer ring restaurants, while
farther away from the focal grocery store, tend to be closer to other grocery stores, the dif-
ference in exposure (plotted coefficient) is below 1 at the distance of interest. Hence, the
inner versus outer ring estimator does not necessarily estimate the effect of one additional
grocery store at the distance of interest.

To avoid exposure of outer ring restaurants to other grocery stores, one may focus on
isolated grocery stores where no other grocery store is closer to the outer ring. Figure 7
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FIGURE 6.—Differential exposure of treated and control restaurants to grocery stores at different distances
when using an outer ring of distance 0.2-0.225. Each panel holds fixed the inner (and outer) ring distance from
a real grocery store and plots the coefficient of a regression of the number of grocery stores at a particular
distance on an inner ring dummy with grocery store fixed effects.
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FIGURE 7.—Left: Number of grocery stores with either at least one restaurant in a given distance bin or at
least one restaurant with no closer grocery store. There are few grocery stores with restaurants unexposed to
other grocery stores when considering larger outer ring distances. Right: Estimated average effect of grocery
stores on restaurants at different distances using control groups based on different outer ring distances as la-
beled on the figure, not restricting to those without closer grocery stores. The estimated effects vary noticeably
depending on the choice of outer ring. When the inner and outer ring distance bins coincide, the estimates are
mechanically zero. For comparison, the squares repeat the estimator proposed in this paper from Figure 5.

(left) shows the number of grocery stores that have at least one restaurant in a particular
distance bin, as well as the number of grocery stores that have at least one restaurant
without any closer grocery store in the distance bin. If one chooses an outer ring distance,
drops all restaurants with any grocery store closer than that distance, and includes grocery
store fixed effects, then the estimated treatment effect is based solely on the grocery stores
constituting the lower of the two curves. Even within this subsample of grocery stores, the
estimator is based on a possibly selected sample of restaurants geographically away from
the more business-dense direction. Hence, when there are multiple realized treatment
locations close to one another, proper differences in exposure to the treatment can be
difficult to achieve with the inner versus outer ring strategy.

Furthermore, the neighborhoods of restaurants on inner rings and outer rings are not
necessarily alike. Figure 4 above shows that the neighborhoods of the restaurants on an
outer ring are likely noticeably different from the neighborhoods of restaurants on an
inner ring. Many grocery stores are located in shopping or strip malls. The estimators
proposed in this paper, intuitively, use counterfactual treatment locations that exploit
differences in the number of grocery stores in such retail-heavy areas. In contrast, the
inner versus outer ring strategy compares restaurants in commercial areas to restaurants
in more residential or industrial areas.

Inner versus outer ring estimates are fairly sensitive to the choice of outer ring distance
in this application. To estimate the effects for given inner and outer rings, restrict the
sample to restaurants on these rings. Restaurants may appear multiple times if they are
on the inner or outer ring around different grocery stores. Estimate the treatment effect
by regressing the outcome (IHS of visits) on an inner ring dummy and grocery store fixed
effects. Figure 7 (right) plots the coefficients on the inner ring dummy for regressions
using different inner ring distances (horizontal axis) and a few choices for the outer ring
distance (curves). Even for “adjacent” outer ring distances, for instance 0.2-0.225 miles
and 0.225-0.25 miles, estimated effects can be noticeably different. Given the differences
in exposure and neighborhood characteristic balance, one may wish to choose a different
outer ring for each inner ring to obtain more plausible comparisons. Alternatively, func-
tional form assumptions may allow for correcting imbalances in levels (or non-parallel
trends if panel data and variation in the timing of the treatment were available). The
approach proposed in this paper balances by design without manual adjustments to the
control group to estimate effects at different distances. To interpret the inner versus outer
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ring estimates as causal effects of a marginal grocery store at a particular distance, one
needs to assume that the outer ring is unaffected (as in Assumption 3), and the correct
choice of this distance is required for the estimation of the effects themselves. The ap-
proach proposed in this paper uses Assumption 3 only for standard errors.

6. CONCLUSION

The causal effects of treatments occurring at locations in space on individuals located
nearby are of interest across fields of economics and social sciences. This paper presents
a design-based approach for causal identification, estimation, and inference in spatial set-
tings. The approach differs from existing approaches in the literature to identification
and estimation based on parallel trends and inference based on sampling. I argue that
identification, estimation, and inference using design-based ideas are conceptually attrac-
tive, analytically tractable, and computationally feasible. The same design-based ideas do
not validate the inner versus outer ring empirical strategy commonly applied in empirical
practice. Instead, this ideal experiment validates the comparison of individuals near re-
alized treatment to individuals near counterfactual locations where the treatment could
have happened (but did not). The finite population design-based variances derived in this
paper express the variation due to the ideal experiment. Design-based inference removes
the need to specify a hypothetical super-population and sampling scheme. Because coun-
terfactual locations of treatments are typically not available in observational data, I pro-
pose a computationally feasible method using convolutional neural networks to identify
locations that are observationally similar to real treatment locations. These counterfactual
locations allow the estimation of causal effects in observational data under an assumption
that ensures treatment assignment is not based on potential outcomes other than through
observable characteristics, similar to an unconfoundedness assumption in sampling-based
analyses.

I demonstrate the use of these methods by studying the causal effects of grocery stores
on the number of visitors to nearby restaurants during COVID-19 shelter-in-place poli-
cies. The counterfactual grocery store locations proposed by the neural network are in
neighborhoods that are indeed observationally similar to the neighborhoods of real gro-
cery stores. I estimate large effects for restaurants very close to a grocery store, on av-
erage more than doubling the number of visitors, as measured in data from SafeGraph.
The design-based standard errors take into account the complex ways in which exposure
to grocery stores (the treatment) is correlated across restaurants (outcome units) by de-
sign of the ideal experiment. Hence, I find significant externalities between businesses.
Such externalities may lead to socially undesirable concentrations of consumers during a
pandemic, as well as spatial inequities across business owners to the extent that they are
unanticipated and not internalized through, for instance, differential rent.

APPENDIX: PROOFS

ASSUMPTION 8: For the sequence of finite populations indexed by k, there exist positive
constants ci, . .., cs such that
(a) Bounded potential outcomes, weights, and concentration: For each i € I, S C Sy, and
s €Sk 1Yi(S)| < ¢, lwi(s, d)| < ¢, and Zie]lk w;(s, d) € [c3, ca].
(b) Minimum observation spacing: For any i,i' € I, and s,s € Sy, d(rxi, Thr) > s if i #
i'yand d(s,s") > csif s # .
(c) Asymptotic negligibility: liminfy_, . |Ix|of > 0 with oy defined in Theorem 1(iv).
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(d) Sample splitting: For each fold f, é Zsesf Yien, (B — pi)* = O,(IS|7').

Assumption 8(a) and (b) require that outcomes are bounded, and, as the population
grows, the estimator places weight on a growing geographic area and hence a growing
number of candidate treatment locations. Assumption 8(c) ensures that no single treat-
ment location dominates the estimator. Assumption 8(d), needed for the double machine
learning estimator, requires that the different folds each sufficiently resemble the full
sample. For random sample splits, this bound is attained if the number of distinct values
Z,, takes on is O(4/|S]).

A.1. Notation and Proof of Theorem 1

Notation. Let the random variable M = 1{M; = m} be the indicator for whether
exposure /m of individual i is realized. Define the random variables 7 = 1{S > s} and

7¢ =1{S # s} and probabilities 7/"* = Pr(M?T* = 1) and 74" = Pr(MI'T* =

i,s,0,s'
1 and M7 = 1), which are straightforward to compute under Assumptions 1 and 3.
The variance terms used in the statement of the theorem are, for a € {c, ¢},

~ 1 i ,d m.a 2
M) = L Y P @(viom - w (@)

seS i€l meM;

ZCEED3)3) 33 IDID DS (]l{i;ﬁi/ors;és/oragéa/}

se€S s'eS i€l meM; i'el m'eMy ae{c,t} a'€{c,1}

1{a=c} 1{d'=c}
1 m,m’ 0 m,a,m’,a’ m,a m’,a’) s Ty
: {775,:'/ > }(Wi,s,ﬂ,s/ — Ty Ty

_1_77-5 _1—7TS/

wi(s, d)ywy (s, d)
' 7i(d)>?

> 2 m,m’ m,a _m',a
Via(d) = @ ZZZ Z Z Z ]1{771',1'; = O}Wi,s’ Ty g

seS s'eS i€l meM; i'el m'eM;

(Yi(m) — aa(d)) (Yo () — Ma«d))),

(7 ) e ) (Ve X))

1—m1—my

~ 1 m,m’ m,t _m',c s’
Vald) = D000 D030 D M =)

seS s'eS i€l meM; i'el m'eMy
/
w,-(s, d)w,-/ (S . d)

w0 = Ya() = (wa(d) = e(d))’

where the fixed, computable, weights v;“(d) are

m,a s Hao=er m,a s Ha=ar 'l,U,‘(S, d)
vi’s (d)= (1_7TS) ((1_77-” )(I_WS> ﬁ(d)
wy (S,, d)

1{d'=c}
153930 3D DL AR By (S I ach

i'el m'eMy s'eS a'e{c,t}
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PROOF: For part (i), apply the mean value theorem to the function A( Do Des s fle) =
Ty = e — (o — pe + e — —M[ fio + 2 " pe) with endpoints (py, pe, fu, fic) and
(p D> M, :U*c) tOObtalnT_T_(lu“t /-Lt)(p/p_l) (/-"c /-'Lc)(pc/P_l)—l_(ppC 1)(§%/“’C
Me) — (% - 1)(%,@ — u,), where variables a lie between a and a for a = u,, s, pi, Pe-

Then, by Theorem 1 of Li and Ding (2017) and the arguments given for Part (v) below,
and using Slutsky’s theorem and the Delta Method, each of the factors of the four prod-
ucts is +/[S,[-asymptotically normal, implying part (i).

For parts (ii) and (iii), unbiasedness for 7marina(d) follows directly by taking expecta-
tions of the numerator of D. Under Assumption 2, the expected value simplifies to 7(d)
because 7;(s]|S) = 7:(s).

To characterize the variance in part (iv), note that, under Assumption 3(a), V; =
> e, MY (m) One can rewrite D in terms of fixed potential outcomes by using the
exposure mappings, specifically

S US3Y wils, d)(V:— p(d) - Y 1{S ? s} Zw (s, d)(V: — pe(d))

seS iel seS s iel

=YY 3> MPTEY(d, m)

iel meM; seS aelc,t}

with Y}(d, m) = (=17)"=%w,(s, d)(Yi(m) — pa(d)). Importantly, only M"T¢ is
stochastic in the expression above Hence, the variance depends on covariances
cov(M Ty, M T ) = memhd

Where 74" =0 such that m and m’ cannot be observed simultaneously, rewrite

is,i',s

terms 3. Y (Yi(m) — ;La(d))(Y (m') — po(d)) with a, a’ €{t, ¢} dependlng on whether
the current locations s, s’ are treated or control under exposures m, m’. When a # a/,
rewite (¥,(m) — u(d))(Ye(m') — po(d)) = S((Yi(m) — p(d))? + (Yo(m') — pe(d))?
(Yi(m) — Yy (m') — (ni(d) — ne(d)))?) as a kind of variance of “treatment effects.” When
a = a', these terms are multiplied by a factor of opposite sign. To obtain a formula sug-
gesting a conservative estimator of the variance, when a = a’ instead rewrite

(Yim) = o) (Yo (') = ()
= 2((Ym) + Yo () = 20 @))” = (Yilom) = @)’ = (Vi) — al@)).

The remaining steps simplify the summations over such terms. I show step-by-step deriva-
tions in SA 5.
. Tp—T, i d . .
Part (v) claims that % — N(0,1) as k — oo. First, note that without Assump-

tion 3(3), %k (d) — Tk,marginal(d) = Dk = Zieﬂk Zk,i + €, where

Y;f i(d,m)

Zhi= 2L 200, MT ISkl (d)

meMy, ; s€Sy aefc,1}

and € as in Assumption 3(b). Because €,/0x = 0,(1) by Assumption 3(b), it suf-

fices to show .., Zi:/0% SN (0,1). The result follows from Theorem 1 of Jenish
and Prucha (2009), the conditions of which I verify below. Note that ) .. Z; /0% =

ie]Ik
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Zieﬂk Z~k,i/&k with Z~k,,« = |]Ik|Zk,i and 6’k = |Hk|0-k- By part (iV), Var(Zidk Zk,i) = 0']%,
hence var(}_,, Z..) = [It|*0? = &2. Assumption 1 of Jenish and Prucha (2009) is sat-
isfied given the minimum distance between individuals. Their Assumption 2 is satisfied
with their ¢;, =1 given bounded potential outcomes and weights, and the minimum
distance between locations. Furthermore, given the definition of exposures depending
only on locations up to a fixed distance, and 0 weight at sufficiently large distances,
Z~k,,~ and ZNk, ; are independent if d(ry;, 1) > D for some D, such that the random
field is ¢-mixing satisfying their Assumption 4. Finally, the asymptotic negligibility con-
dition implies their Assumption 5. Hence, by Theorem 1 of Jenish and Prucha (2009),

Y e, il Ok = Y, Zail 5> N(0,1). Q.E.D.

A.2. Proof of Theorem 2

Independent assignment implies that for each individual i and candidate treatment lo-
cation s, there is a positive probability the location is the nearest realized treatment loca-
tion. The assumption that only the nearest realized location matters implies that in this
case, Y;(s) is observed, rather than Y;(sUS) for some set of other locations S farther from
i than s. The control potential outcome Y;(0) is observed when no treatment location
within distance d, is treated, which occurs with positive probability under independent
assignment.

A.3. Proof of Theorem 3

For ease of notation, I suppress dependence on the distance d throughout the proof.

The proof establishes that (7(7r, 1) — 7(m, u))/o = 0,(1). The conclusion of the theo-
rem follows because (7(7, u) — Tmarginal)/ O AN 0, 1).

First, note that (ﬁ;ﬁ — 13‘” 2 — % < Cy(7r; — m,)? for some fixed real number
Cy because 7, and 7, are bounded away from 1. Hence, ) ¢ 125 — ) < Co s (T —
)2 = 0,(V/IS]).

Note that 1/(3 s > i wi(s)7") = O,(IS|™") by the regularity conditions and 1/0 =
O(4/|S]) by assumption, so it suffices to show that the difference in numerators of 7(7, )
and 7(m, u) is 0,(+/|S]). One can write the difference in numerators as Z?:I(Rl’f +
Ro,; + Rs ) where

Ris= Z(Z:Z) D wi(8) (s = )

seSf iel
o 1,
RZ,fZZZwi(S)IK (1—77 T1_# )(yi—,U«s,i),
seSy el S s
T T
R = i ¢ u - é,\ S, Asi .
=TT (175~ 12 i)

For R, s, consider E(R{ ;|Sy, (fs)ses ;) which conditions on the identity of observations
in fold f and the out-of-fold estimator fi, for all s € Sy, where ft; = (fy,;)icru,s)20- Because,
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by independent assignment and sample splitting, £ ((T ”S)( i Sy, (fis5)ses,) = 0 for

1-mg

any s # " in fold f, and all i, with f(s) = f are fixed by conditionlng, for fixed real num-
bers €y and G, E(Ri,f|Sf> (ﬂs,i)sesf) =G ZseSf(Zie]l wi () (ts,i — fs.i))*
=CGY s, Yier, (i — s, ;)?, where the first inequality bounds E ((TI{;;S“)Z), and the sec-
ond inequality uses the Cauchy-Schwarz inequality and the bound on |w;(s, d)|. Hence,
D ves; 2ier, (s — fs.1)* = 0,(IS]) implies R, ; = 0,(+/IS[) by Markov’s inequality as re-
quired. _

For R, s, define 8, ; = w;(s) T, (-2 — 2-)(V: — ) and §,,; = E(8,.,|Ss, (Ps)ses;) and

1—g 1—7rg > _
8, = Zze]l 69 i o= Zze]l 6” Then RZ = ZseSf(S — 8, ) + Zsesf 8;.
For the first term, similar to R, ;, consider E ((ZSes 53)2|Sf, (7ry)ses; ). By defini-

tion, E(6, — — 5, IS¢, (ws)éesf) =0, and 8, — 8, and 8, — &, are (conditionally) independent
unless there exists either an individual i with w;(s") # 0 such that treatment at location
s can affect the outcome of i, or individuals i with w;(s) # 0 and i’ with w; (s") # 0 with
a common treatment location s” that can affect the outcome of both i and i’. Under the
assumptions of a minimum distance between candidate treatment locations, a maximum
distance after which weights are zero, and a maximum distance after which the treatment
has no effect, for any s’, the number of s for which the above occurs is bounded. For these
s, s', bound (8, — &,)(8y — 8y) < (8, — & )2 + (8¢ — 8,)2. Steps analogous to R, 1 ! then
yield, for a fixed real number Cs, E((Xs, — 8ISy, (Ps)ses;) < Cs D es, (725 — 75 )2,
So > - ) =0 (|S|) implies that the first term is 0, (v/IS]).

AES/‘ 1—mg
8, use that m; = p(Z;) and 7, = 7y if Z, =7y and

For the second term, )

SGSf
f(S) = f(S )’ to write Zsesf s Zsesf Zie]l U),(S)(l - 77-3)(11.‘-_:,,-Y 1 17; I“LS,i)'
Then, using the Cauchy—Schwarz inequality and the bound on |w,(s)|, (Z 8,)? <

bES/

423€Sf T — Th )ZZgng Yoier, (i — msi)*. So, ZseSf o )2 = 0,(+/IS|) and
Zsesf Yicr, (i — si)* = O, (VIS]) ensure Zsesf 8, = 0,(VIS]). Hence, overall R, ; =
0,(+/|S]) by Markov’s inequality.

For R, applying the Cauchy—Schwarz inequality and bounding |w;(s)| yields

E(RE /IS5, (o fdses,) < Cs Tcs, (5 = 1250 Lo, Ties, (os — i)’ Hence,
Yoes, (7 — 15507 = 0,(VIS]) and Yo is 3y, (s — ) = 0, (V/IS]) jointly imply that
Rs,r = 0,(+/IS]) by Markov’s inequality.

A.4. Proof of Theorem 4

For s € S\ S, m, = 0 by the definition of S, and also 7, = 0 with probability 1 by As-
sumption 5. Hence, it suffices to focus on s € S. Under Assumption 5, one can equiva-
lently define n. =) _1{Z, = z} for z € Z because for any s € S, if Z,€Z, then s €S
as p(Z,) > 0 by the definition of Z. Note that Y (7, — m)* = >, n.(p(z) — p(2))*
where p(z) =) W{Z,=2z}T/n,.Let &, = (p(z) — p(2))* — %:”(Z)) Then, for € > 0,
Pr(}_ s (s — m)*/a > €) < Pr(¥.,n.€. > ae — |ZI/4) using 3-.;, p(2)(1 — p(2)) <

Z\/4.
| i\/Iext, by Bernstein’s inequality for sums of independent mean zero sub-Exponential
random variables, Pr(}___, n.E, > u) <2exp(—cmin(-*=, £)) for universal constants c

z€Z \zicl > C
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and C: Because p(z) is the average of n, independent bounded (binary) random vari-
ables with mean p(z), there exists a fixed C such that p(z) — p(z) is sub-Gaussian with
norm at most C/,/n,, and &, is mean zero and sub-Exponential with norm at most C/n,
(Vershynin, 2018) for all z € Z. So n,&, is sub-Exponential with norm at most C. By As-
sumption 1, £, are independent across z. Hence, Bernstein’s inequality applies as claimed.

Substitute u = /|S|e — |Z|/4. Then, |Z| = o(/IS]) implies that min(lzb‘%, &) — o0
as |S| - oo. Hence, limg_Pr(} (7 — m)*/+/IS| > €) = 0 such that
\/|S|‘1 3 s(7rs — ) = 0,(IS|""/*) as stated in the theorem.

A.S. Proof of Theorem 5
Following Wainwright (2019, Theorem 7.13), if A > Zmax,{lz,',l(y — ZB)|}/n and the

restricted eigenvalue condition holds, then Z,(ﬁl —B)? < %,/|| BlloA. The restricted
eigenvalue condition is assumed to hold with probability approaching 1. The proof es-
tablishes that the first condition holds with high probability for the choice of A given in
the theorem, and establishes the resulting rate.

To show that the choice of A specified in the theorem satisfies the condition above with
probability approaching 1, use the approximate clustering notation and the triangle in-
equality to get max{| Z (¥ — ZB)I} < max{| Z/ (¥ — Y|} + max{|Z (Y — ZB)|}.

By the approximate clustering assumption, max{|Z’ (¥ — Y™)|}/ = 0,(/In(L)/|C]|).
Below, I show that also max{| 2’ (Y™ —ZB)[}/n <,/ % In(L) with probability approach-
ing 1 for some fixed C. Hence, there exists a fixed C such that A = C/In(L)/|C| >

2max;{ |Z,’7 (Y — ZB)|}/n with probability approaching 1. Because [S|/|C| is bounded by
Assumption 7(i), one can replace |C| by |S| in the definition of A with an updated choice

of C without affecting the validity of the claims. Substituting the choice A = C VIn(L)/IS|

into 4/ Z,(ﬁ; —B)? < %, /I BllyA yields the claim of the theorem.

To bound |Z' (Y™ — ZB)|/n for fixed [, apply Hoeffding’s inequality. Then, apply
the union bound to bound the maximum over /. Define p.; = m Y oes i He(s, i) =
ctw;(s, d)I{S 3 s} Z,.1(Yi(M,,;) — Z;,;8) such that Zf,,(YM —ZB) /=L (pei—

IC]
E(p.,)) because ) - E(p.;) = 0 by linearity. Note that the p., terms are independent
across ¢ because Y;(M, ;) varies only with assignments within the cluster of (s, i) by the
definition of the approximate exposures, and 1{S % s} is independent across clusters by
Assumptions 1 and 7(ii). Furthermore, because all factors inside the summation constitut-
ing p.; are bounded, as is the total number of observations in the cluster, p,; is bounded.
Hence, Zf, (Y™ — ZB)/n is the average of |C| independent bounded mean zero random

variables. Then, by Hoeffding’s inequality, for all ¢ > 0, Pr(lﬁ Y ccc(Pes — E(pey))| =
u) < 2€xp(—@) for some C < oco. Taking the union bound, Pr(maxllﬁ Y eec(Pes —
E(p.))| = u) < 2exp(— 2% +In(L)). So, Pr(max/{| 2, (Y™ — ZB)}/a < /S In(L)) >
1—2exp(—In(L)) - 1as L — oo.
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